arXiv:1504.05778vl [math.CA] 21 Apr 2015 


ON THE (C, a)-MEANS WITH RESPECT TO THE WALSH 

SYSTEM 

I. BLAHOTA AND G. TEPHNADZE 


Abstract. As main result we prove strong convergence theorems for 
Cesaro means {C, a) on the Hardy spaces , where 0 < a < 1. 

2000 Mathematics Subject Classification. 42C10. 

Key words and phrases: Walsh system, Cesaro means, martingale 
Hardy space. 


1. INTRODUCTION 


It is well-known that Walsh-Paley system does not form a basis in the 
space Li (G) . Moreover, there is a function in the dyadic Hardy space 
Hi (G ), such that the partial sums of F are not bounded in Li-norm. How¬ 
ever, in Simon m the following estimation was obtained for all F € Hi (G) : 


1 y WSkFWi 

log n k 

k=l 


< c IlFl 


Hi ’ 


where SkF denotes the fe-th partial sum of the Walsh-Fourier series of F. 
(For the trigonometric analogue see in Smith |19) . for the Vilenkin system in 
Gat m- Simon m (see also m) proved that there is an absolute constant 
Cp, depending only on p, such that 


( 1 ) 


1 ^ WSkFfp 
log'll k^-P 


— I 


\Hr. ’ 


(0 < p < 1), 


for all F G Hp and n G N, where [p] denotes integer part of p. 

The second author |23| proved that sequence [l/k‘^~P'^^_^ (0 < p < 1) in 
© is given exactly. 

Weisz |32| considered the norm convergence of Fejer means of Walsh- 
Fourier series and proved that the following is true: 

Theorem Wl. Let F G Hp. Then 


( 2 ) 


IWkFWjj^ <Cp\\F\\jp^, (l/2<p<oo) 


The first author was supported by project TAMOP-4.2.2.A-11/1/KONV-2012-0051. 
The second author was supported by Shota Rustaveli National Science Foundation grant 
no. 52/54 (Bounded operators on the martingale Hardy spaces). 
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This theorem implies that 

k 2 -lp'’ (l/2<p<oo). 


n2p- 


k=l 


If Theorem W1 held for 0 < p < 1/2, then we would have 

log[V2+p]„^^ fc2-2p^ - ’ (0 < p < 1/2) , 


but the second author |20| proved that the assumption p > 1/2 is essential. 
In particular, he proved that there exists a martingale F € Hp (0 < p < 1/2) , 
such that 

sup \\crnF\\p = + 00 . 

n 

However, the second author |24) prove that ([3]) holds, though ( [2]) is not 
true for 0 < p < 1/2. 

The weak (l,l)-type inequality for the maximal operator of Fejer means 
I^K/>A)<^||/|li, (A>0) 

can be found in Schipp |12| (see also El). Fujji m and Simon m verihed 
that a* is bounded from Hi to Li. Weisz m generalized this result and 
proved the boundedness of a* from the martingale space Hp to the space Lp 
for p > 1/2. Simon |15| gave a counterexample, which shows that bounded¬ 
ness does not hold for 0 < p < 1/2. The counterexample for p = 1/2 due to 
Goginava |7], (see also [T] and [20]). Weisz |28| proved that cr* is bounded 
from the Hardy space i^i /2 to the space Ti/ 2 ,oo- 

The second author [HIES] proved that the following is true: 

Theorem Tl. The maximal operators a* defined by 


( 4 ) 




\^n \ 

nsN n 


(0 < p < 1/2, n = 2,3 ,...) 


where [1/2 + p] denotes integer part of 1/2 -|-p, is bounded from the Hardy 
space Hp to the space Lp. Moreover, there was also shown that sequence 

n : n = 2,3, ...| in ([3|) can not be improved. 

The maximal operator cr"’* (0 < a < 1) of the Cesaro means means of 
Walsh-Paley system was investigated by Weisz |30j . In his paper Weisz 
proved that cr"’* is bounded from the martingale space Hp to the space Lp 
for p > 1/(1 -|-a) . Goginava |8| gave counterexample, which shows that 
boundedness does not hold for 0 < p < 1/(1 -|-q;). Recently, Weisz and 
Simon |18j show that in case p = 1/ (I -|- a) the maximal operator cj“’* is 
bounded from the Hardy space Hi^ij^^-^ to the space Ti/(i+a),oo- 

In |9| Goginava investigated the behaviour of Cesaro means of Walsh- 
Fourier series in detail. For some approximation properties of the two di¬ 
mensional case see paper of Nagy m- 
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The main aim of this paper is to generalize Theorem T1 and estimation 
([3]) for Cesaro means, when p = 1/ (1 + a). 

2. Definitions and Notations 

Let N+ denote the set of the positive integers, N := N+ U {0}. Denote 
by Z 2 the discrete cyclic group of order 2 , that is Z 2 := { 0 , 1 }, where the 
group operation is the modulo 2 addition and every subset is open. The 
Haar measure on Z 2 is given so that the measure of a singleton is 1/2. 

Define the group G as the complete direct product of the group Z 2 with 
the product of the discrete topologies of Z 2 ^s. 

The elements of G are represented by sequences 

X := {xo,xi,.. .,Xj,...) {xk G {0,1}) . 

It is easy to give a base for the neighbourhood of G 

lo (x) := G, 

In{x) := {y G G \ yo = xq, ... , 2 /n-i = Xn-i} (x gG, nG N). 

Denote In '■= In (0) for n € N and In ■= G \ In- Let 

Cn := (0,..., 0, Xn = 1,0,...) G G (n G N) 

It is evident 

/M-2 M-l \ /M-1 

(5) Im = u u h+i (cfc + g) U U Im (cfc) 

\ k={) l=k-\-l / \ k=0 

The norm (or quasi-norm) of the space Lp(G) is dehned by 

\\f\\p-=(^Jjfix)\^dfi{x)^ ’ i0<p<oo). 

The space Lp^oo (G) consists of all measurable functions / for which 

II/IIGoc(G) :=supA/r(/ > < -Foo. 

A>0 

If n G N then for every n can be uniquely expressed as n = 
where nj G Z 2 {j G N) and only a finite number of n^’s differs from zero. 
Let \n\ := max {j G N, rij 7 ^ 0}, that is 2l”l < n < 

Next, we introduce on G an orthonormal system which is called the Walsh 
system. At hrst dehne the Rademacher functions as 

rk (x) := (-1)^'= (x G G, A: G N). 

Now dehne the Walsh system w := {wn : n G N) on G as: 

|n| —1 

00 ^ 

■f—|- ^ 

yjnix) := 1'fc* (a:) = r\n\ (x) (-1) (n G N). 

k=0 

The Walsh system is orthonormal and complete in L 2 (G) (see |13)i. 
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If / € Li (G) we can establish the Fourier coefficients, the partial sums 
of the Fourier series, the Fejer means, the Dirichlet and Fejer kernels in the 
usual manner: 




Snf 


CTnf 


Dr, 


Kr, 


respectively. 
Recall that 


( 6 ) 


= / fwkdl^ 
Jg 

n—1 

= '^f{k)wk 

k=0 

1 

n 

k=l 

n—1 

= ^Wk 
k=0 

1 " 

k=l 


(A: e N), 

(n € N+, Sof := 0), 
(n G N+), 

(n G N+), 

(n G N+), 


(x) 


2", if X G In, 
0, if X ^ In- 


For the 2’*-th Fejer kernel we have the following equality (see 0 ): 


( 7 ) 


7^2" (a;) 


2* ^ if X G In{et), 

(2^ + l)/2, ifxG4, 

0, otherwise. 


for re > t, t, n G N, X G It\ h+i- 

The Cesaro means, {{C,a) means) and it‘s kernel with respect to the 
Walsh-Fourier series are defined as 


<f ■■= := —Y^AiziDu, 


'■ k=l 


AS 


' k=l 


respectively, where 


(8) := 0, A“ := 

It is well known that 


(a + 1)... (a + re) 


a 7 ^ - 1 , - 2 ,... 


and 

( 9 ) 


■^n 


n 


/ .^n-k 


A“-A 


a 

n—1 


A 


a—1 
n 1 


Aa 

■^n 


n 


sup / \K (x)| (x) < c < oo. 

n JG 
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The (T-algebra is generated by the intervals {/„ (x) : x E G} will be de¬ 
noted by Fn (n E N). The conditional expectation operators relative to Fn {n E N) 
are denoted by En- 

A sequence F = n E N) of functions Fn E Li {G) is said to be a 
dyadic martingale if (for details see e.g. |26| ) 

(i) Fn is Fn measurable for all n E N, 

(m) EnFm = Fn for all n < m. 

The maximal function of a martingale F is dehned by 

F* = sup|t;|. 
neN 

In case of / E Li (G) , the maximal functions are also be given by 


f* (x) = sup —— 
neN O) 


1 


(x)) 


F{x) 


f (u) d/i (u) 


For 0 < p < oo the Hardy martingale spaces Hp (G) consist of all mar¬ 
tingales for which 


\H, 


:= IlF* 


< oo. 


A bounded measurable function a is a p-atom, if there exists a dyadic 
interval I, such that 



a||^ < (!) , supp (a) C I. 


The dyadic Hardy martingale spaces Hp (G) for 0 < p < 1 have an atomic 
characterization. Namely, the following theorem is true (see |29|1: 

Theorem W: A martingale F = {Fn, n E N) is in Hp (0 < p < 1) if 
and only if there exists a sequence (a^, A: E N) of p-atoms and a sequence 
(pfc, /c E N) of a real numbers such that for every n E N 


( 10 ) 

and 


OO 

^ ^ Ufc — F'n 

k=0 


^ IpfcT < oo> 

k=0 

Moreover, ^ inf (X)^o > where the infimum is taken over all 

decompositions of F of the form (llOj) . 

It is easy to check that for every martingales F = {Fn,n E N) and every 
A: E N the limit 
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(11) F{k):= lim / Fn (x) Wk (x) dfj. (x) 

exists and it is called the k-th. Walsh-Fourier coefficients of F. 

If F := (Enf : n € N) is a regular martingale generated by / € Li (G), 
then 


P{k)= f f {x) Wk (x) {x) =: f (k), keN. 

Jg 

For 0 < a < 1 let consider maximal operators 

a^’*F := sup |<t"F| , a ’ F := sup ■ 


nGN 


^eN log^+“n 


For the martingale 


F = Y,{Fn- Fn-l) 

n=0 

the conjugate transforms are defined as 

__ OO 

Fd) = Y,rn (t) {Fn - F, 


n—1) 


n=0 


where f G G is fixed. We note that = F. As it is well known (see [26]) 

p 


( 12 ) 


Fd) 


Hr 




\Hr, 


L 


Fd) 


dt. 


3. Formulation of Main Results 


Theorem 1. a) Let 0 < a < 1 and f G Then there exists absolute 

constant Ca, depending only on a, such that 


a F 


Hr 


<Ca\\F\\ 


H 


l/(l+a) 


U/(l+c«) 

b) Let 0 < a < 1 and ip : N+ —>■ [1, oo) be a non-decreasing function satisfying 
the condition 


(13) 


--log^+" n 

lim --— = + 00 , 

n^oo ip [n) 


then there exists a martingale f G Fri/(i+o) (G), such that 

Hnf 


sup 

nGN 


ip{n) 


= oo. 


l/(l+«) 


Theorem 2. Let 0 < a < 1 and f G Then there exists an absolute 

constant Ca, depending only on a, such that 


n 

-^y 

logn 


m=l 


m — “ II iiiLi/(i+„) 
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4. AUXILIARY PROPOSITIONS 

Lemma 1. |26) Suppose that an operator T is a-sub-linear and for some 

0 < p < 1 


J \Ta\^ dfi < Cp < oo, 

I 

for every p-atom a, where I denotes the support of the atom. If T is bounded 
from Loo to L^o, then 

W'^fWlpiG) - \\f\\Hp{G) ■ 

Lemma 2. [6] Let 0 < a < 1. Then 


lA"! < 


Cct 


\n\ 


^ I — Aa ^ 
^n-l I 


^ 2^“ A 


2i ( ) 


where and A“ are kernels of Fejer and Cesdro means, respectively. 
Lemma 3. Let 0 < a < 1 and n > 2^. Then 

/ \Kn{x + t)\dfi{t) < , forxeIi+i{ek + ei), 

J Im 

(A: = 0,..., M — 2, / = A: + 1,..., M — 1) and 

[ \Kn{x + t)\dfi{t) for X e Im (sk), {k = 0,... ,M - 1). 

Proof. Let x G /;+i (e^ + e^). Then applying ([7]) we have 
A 2 A (x) = 0, when A > 1. 

Suppose that k < A < 1. Using © we get 

IA 2 A (x)| < c2^ 

Let A < k < 1. Then 


(14) 


|AV (l)l = \K 2 ^ (0)1 = < c2‘. 


If we apply Lemma 2 we conclude that 

l-i l-i 

(15) A" |A" (x)| < c„^2“^ IA 2 A (x)| < Ca^2"^+^ < c2“^+^ 

A=0 A=0 

Let X G (cfc + ei ), for some 0<A:</<M — 1. Since x + t G 
//+i (efc + e/), for t G Im a-^d n > 2^ from (I15p we obtain 

r „ jal+k 

( 16 ) / |A“(x + t)|d^(t)<^^^. 
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Let X G Im (cfc) , k = 0, ..., M — 1, then applying Lemma 2 and ([7]) we 
have 


( 17 ) 


/ 

JIa. 


\n\ 

\K^{x + t)\dfi{t) < ^2 
A=0 


OiA 


\K2a (x + t)| dfi (t). 


Let X G Im (efc ), k = 0,..., M — 1, t € Im and Xg ^ tg, where M < q < 
n\ — 1. Using © we get 



X + t)\d^ (t) < Ca 



2^dfi (t) < 


2^ 


Hence 


(18) 


cyk+aq 

\K^ (x + t)| d/x (t) < < Ca2^~^ 


n' 




Let X e Im (e/c ), k = 0,..., M - I, t e Im and xm = tM,-- -, = 

Applying ([7]) we have 


(19) 


|n|-l 


K^{x+ t)\dfi{t) <2^dn{t)<c2 


k-M 


A=0 


Combining (flHll . (fTHll and fll 9 jl we complete the proof of Lemma 3 . 

5 . Proof of the Theorems 

the proof of first part of 


Proof of Theorem 1. By Lemma 1 and 
theorem 1 will be complete, if we show that 


/ 

JIk 


a F{x) 


l/(l+a) 


d/i (x) < cx), 


for every 1/ (1 + a)-atom a. We may assume that a be an arbitrary 1/ (1 + a)- 
atom with support /, ^ (/) = 2~^ and I = Im- It is easy to see that 
it“ (a) = 0, when n < 2^. Therefore we can suppose that n > 2^. 

Let X G Im ■ Since cr" is bounded from Lqo to (the boundedness follows 
from ([9])) and ||a||gQ < we obtain 




ay{x)\< f \a{t)\\K^{x + t)\dfj.{t) <\\a{x) 
J Im 

2^(1+“) f \K^{x + t)\dfi{t). 

J Im 


' Im 


|iL“ (a; + t)| djj, (t) 


( 20 ) 


Let X G X+i (efc + e^), 0 < A: < / < M. From Lemma 3 we get 


|cT"a(x)| < 
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Let X € Im (cfc), 0 < A: < M. From Lemma 3 we have 


(21) |a“a(x)|<c„2“^+^ 

Combining ([5]) and (I20ll21h we obtain 

l/(l+o) 


d/r (x) 


a"a (x) 


/_ CJ F(x 

J Im 

M-2 M-1 „ 

/ sup — 'L,^ ^ 

^ 0 zi^lA+l(e.+edn> 2 M log + n 

+ y^ / sup ^ ^ 

^oJlM{ek)n>2M log^+“n 
M-2 M-1 


l/(l+a) 


dfi (x) 


d/i (x) 


< 


1 

M 


EE 


1 


^ ^ sup |(T"a (x)|^^*'^'''“^ d/i (x) 

k=0 l=k+l Ii+ii^k+ei) n>2^ 

M-1 ^ 

sup |cr"a (x)|^^^^''"“^ d/i (x) 


+—y] / 

^ ^ d/M(efc) n>2A^ 


< 


< 


M 2M 1 ^ 2(a;-|-fc)/(l-|-Q)2CtM/(l+a) ^ ^ 


Coi V V 
~M 

fc=0 /=/c+l 


^a/(l+a) 


iW—1 ^ 

\ ^ ^ oaM/(l+a)ofc/(l+a) 

/c=0 


^ oaM/fl+g') ^ ^ 2(^^+0/(l+^) ^ ^ 2^/(1+'^) 


Mn“/(i+") 


EE 

fc=0 /=fc+l 


2^ 


+—y^ 


M E^ 2^/(i+«) - 

k=0 


< Cry < OO. 


Now, we prove second part of Theorem 1. Let {A^, k G N+} be an in¬ 
creasing sequence of positive integers such that 


^log'+“ (Afe) 
hm-——— = OO. 

fc—>-oo ip (Afc) 

It is easy to show that for every A^ there exists a positive integer {uk, k € N+} C 
{Afc, k G N+} such that 


rn l+Ck 

hm " 


fc^oo (f (2^”*+^) 


= OO. 


Let 


It is evident 

frik 


fnk — Ll22fH;+l D 2 


f 1, ifi = 22’^S...,22’"'=+i-l, 

I 0, otherwise. 
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Then we can write 

r if i = 22 -S..., 22 -'=+i-l, 

(22) SJn, = < fn„ ifi>22-'=+l, 

I 0, otherwise. 

From ([6]) we get 

(23) 

= ll^22-fc+l - ^22"fclll/(l+a) ^ 

Let ( 7 ® = 2^’^'= + 2^^, s = 0,..., nfc — 1. By (|2^ we can write: 


c2 


—2ank 


(24) 


Since 




1 


^ <f (g^J 

1 






j=2^"k+l 


^ (^nj 






22"fc . 


j=22'*fe+l 


1 


^ {(Ik) 




i=i 


(25) Dj_^2'^'^k ~ '^2‘^^kDjt J ~ 1) 2,..., 2 1, 

we obtain 


(26) 




> 


^ {gk) ^ {(Ik) 


^k 


E-^Shoi 


i=o 


Let X € l 2 s\ks+i- It i® easy to show that 


(27) 


(x) 


> 


a: 


a—1 

22s 


-jy 


> 


c2‘^^A. 


Q — l 

22s 


> 


^2^s{l+a) 


L 


^{gk) <f{gk)^k,^o ‘^{(^k)^k, 7^(9nj22«-fc 

Using (I27p we have 

l/(l+a) r 

^ Ink (x) dn [x) > 2 


[ 

<^kj-k k) 

/Ls\Ls+i 

^ {<) 


l/{l+a) 


d/j, {x) 


rik-l 

>CaYl 


')2s 


1 


> 


^ct^k 


t (V5(g^j22««fc)^/(^+“) 22^ - ((^(22nfc+l)22anfc)l/(l+«) 
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From (l23|) we have 


(jcr, 


0 - /, 


rik 


1/(1+q:) \ 


u 


> 


Cn,n 


l-\-a 






(p (^2'^nk+l'j 


oo, when k —)> oo. 


Theorem 1 is proved. 

Proof of Theorem 2. Suppose that 


logn 

Using m we have 


1 y ^ ||^||yi+») _ 

m — Q; M ll-Hi/(i+c) 


m=l 


(28) 


1 " 
^E- 

cr n i ^ 


tOl Z7ld/(l+“) 
l/(l+a) 


\\H 


n JG 


Ig 


log n 


m=l 


m 


logn 


E- 

m=l 


ct" Fd) 


1/(1+“) 


dt 


1 /( 1 +“) 


m 




fj" F(d 


1/(1+“) 
1/(1+“)' 


dt 


logn 


< 




< c, 


L 


m=l 

Fd) 


m 


IG 


logn 


E- 

771=1 


1 /( 1 +“) 

1 /( 1 +“) 


dt 


m 


dtr^Ca [ 


By Theorem W and (|28)l the proof of theorem 2 will be complete, if we 
show that 



m=l 


1/(1+“) 

1/(1+“) 


m 


< Cq, < oo, 


for every 1/ (1 + a)-atom a. We may assume that a be an arbitrary 1/ (1 + a)- 
atom with support I, p (/) = 2~^ and I = Im- It is easy to see that 
Tn (fl) = 0, when n < 2^. Therefore we can suppose that n > 2^. 

Let X G Im . Since cr^ is bounded from to (the boundedness follows 
from (jH) and ||al|j^ < we obtain 



Hence 


logn 




m=l 


m 


n 

E- 

m 


log n ^^ m 

m=l 


< Ca < oo. 


Combining ([5]) and (I20ll21h we obtain 
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n 

— y 

M-2 M-l 

J_y y 

logn 

k=0l=k+l 




m 


fl,+,(e,+ei) dfi (x) 


m 


n M—1 


+ 


— EE 

O’ n / ^ ^ 


flM(e,) dfl (x) 


< 


logn 

1 


m=2^+l k=0 
n 


m 


logn 


„ oq;M/(1+o) ” „ 

E CqZ ' ^ Ca 

jy^a/{l+a) + l 2-^ jYi 

m=2^+l m=2^+l 


< C„ < OO. 


which completes the proof of Theorem 2. 
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